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Recall setup

Separable complex Hilbert space H
States S(H) :=={T' € B(H) : T > 0,tr(T) = 1}
Observables A(H) :={X € B(H) : A= A*}

Pairing of state and observable: (7', X) — tr(7°X) (Born's
rule)

e.g. for T = |¢)(1)| representing a pure state we have

tr(|9) ([ X) = (W[ X )



Schrodinger - Evolution of States

M : Li(H) — L1(H) mapping states to states i.e.

(i) linear M (aS + BT) = aM(S) + SM(T)
(ii) preserve positivity M (S) > 0
(iii) preserve trace tr(M(S)) =1

for S, T € S(H),«, € C.



Heisenberg - Evolution of Observables

"The experiment does not care about whether | want to believe
that the observables evolved and the states remained static or vice
versa.”
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Heisenberg - Evolution of Observables

"The experiment does not care about whether | want to believe
that the observables evolved and the states remained static or vice
versa.”

Want M* : B(H) — B(H) specified by the pairing:

tr(M(T)X) = tr(TM*(X)) . (2)

This completely specifies the map M* by [Attal, , Thm. 2.12 (2)].

(i) linear M*(aX + BY) = aM*(X) + M*(Y)
(i) preserve positivity M*(X) > 0if X >0
(iii) preserve identity M*(id) = id

for X, Y € A(H),o, 3 € C.
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Complete Positivity

Is this enough to model physically meaningful evolutions?
No.
Why?

Entanglement.



Complete Positivity

Definition
A linear map M : B(H) — B(H) is called k- positive if

M@idy, : B(H) ® CF** — B(H) ® CF** (3)

is positive. M is called completely positive if it is k-positive for
every k € N.



Complete Positivity

Definition
A linear map M : B(H) — B(H) is called k- positive if

M@idy, : B(H) ® CF** — B(H) ® CF** (3)

is positive. M is called completely positive if it is k-positive for
every k € N.

Question
Why only for finite dimensional auxiliary Hilbert spaces and not

for arbitrary? Is " completely positive” as given here strictly
weaker?

[or1426 (https://mathoverflow.net/users/130032/0r1426), | says
the two notions are equivalent.



Is this a trivial condition?
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Is this a trivial condition?

Is this a trivial condition? i.e. does positivity imply complete
positivity?

No.



Not every positive map is completely positive

Consider M : C?*2 — C2*2 via conjugation i.e. M(A) = A*.

Then
M(ATA) = (ATA)* = A"A >0,

so M is positive,



Not every positive map is completely positive

Consider M : C?*2 — C2*2 via conjugation i.e. M(A) = A*.
Then

M(A*A) = (A*A)* = A*A >0, (4)
so M is positive,

but the map M ® idy : C**? @ C?*? — C?*? @ C**2 maps

~(C4x4 ~(C4x4
1 0 01 10 00
1 0
0000 . 0 0 (5)
00 00 01 0 0
1 0 0 1 0 0 0 1

where the first matrix has spectrum {0, 2}, but the latter has

{~1,1}.



Not every positive map is completely positive

(This map is not linear, but anti-linear. But there are other
examples. See

[(https://mathoverflow.net/users/56920/arnold neumaier), | for
maps that are k-positive but not (k + 1)-positive.)



Stinespring Representation Theorem [Attal, , Thm. 6.19]

Theorem (Stinespring)
Let M : B(H) — B(H) be a completely positive map. Then
there exists

e a Hilbert space K,
e a x-representation w : B(H) — B(K), and
e bounded linear operator V : H — K s.t.
M(A)=V*r(A)V, AeB(H). (6)

Conversely, every map of the above form is completely positive.
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Consequences of Stinespring

Corollary
Unitary transformations A — U* AU are completely positive.
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Consequences of Stinespring

Corollary
Unitary transformations A — U* AU are completely positive.

Corollary
*-homomorphisms 7 : B(H) — B(H) are completely positive.
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Converse Direction

Let M(-) = V*x(-)V as above, A = B*B € B(H ® C") be
positive. Write M,, = M ® id,,.

12



Converse Direction

Let M(-) = V*x(-)V as above, A = B*B € B(H ® C") be
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We want to show that for any © € H @ C"
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Converse Direction

Let M(-) = V*x(-)V as above, A = B*B € B(H ® C") be
positive. Write M,, = M ® id,,.

We want to show that for any © € H @ C"

<@,Mn(21)@> > 0. (7)

H®Cn

Choose an ONB {ey,...,e,} of C™. Then

B= ZB@@@ (4], @:Z i Qe (8)

1,j=1
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Converse Direction

<@, Mn(A)@>H®Cn
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Converse Direction

<@,Mn(21)q>>
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Converse Direction

<@’ M"(A)@>H®<Cn

= Y {ween (MBIB) o) (el @ )
i,?j/7i?j?k:1
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Converse Direction

<@’ M"(A)@>H®<Cn

= > (wee (MBIB) @) (¢l) (0 @)

¥, i k=1 e
<vi/,(M(B]i*Bi)>vj/> {eir,leq) <€j|€j/>(C"

H

:5‘?"&'/

¥

n ) n )
= Y (e MBBYy) = Y (Veun(BUB)VY)

i k=1 i k=1

13



Converse Direction

<@,Mn(21)q>>

H@Cn

_ f: (vi @ e, (MBLBY) @ les) (e5]) (v @ )

¥, i k=1 e
<vi/,(M(B]i*Bi)>vj/> -(61'/, |€1> <€j|€j/>(C"
H
:5‘?/’1]'/
¥
n n
.
<uz, i*Bl) UJ>H -y <sz-,7r(B,Z€ Bg)vuj>H
i,5,k=1 i,5,k=1
n n
> w(Bi)Vu Z (BL)V >
k (3] Uj
=1 \:=1 j=1 H

13



Converse Direction

<@,Mn(21)q>>

H@Cn

_ f: (vi @ e, (MBLBY) @ les) (e5]) (v @ )

H®Cn
3" g k=1 2
<Ui,,(M<B;*B;))vj,>H.<ei,, le3) (esle ) en
~
:5’2,;
n n
o
<uz, Bl v]> = <sz-,7r(B}€ Bg)v@j>
H £ H
i,j,k=1 i,j,k=1

I
3
—
o
:1
;SU
=
S
M
e
=
RS
~_
T

13



Bibliography

[
[

Attal, S.
Lecture 6: Quantum Channels.

(https://mathoverflow.net /users/56920/arnold neumaier),
A. N.

Positive not completely positive maps.

MathOverflow.

URL:https://mathoverflow.net/q/211531 (version: 2018-04-01).

or1426 (https://mathoverflow.net/users/130032/0r1426).
Complete positivity with infinite dimensional auxillary

spaces.
MathOverflow.
URL:https://mathoverflow.net/q/327791 (version: 2019-04-11).

14



<o

m‘“\%&‘ Koi- < (W@ ')%"«M)
Covcder Mou ale.  bor peckod BB H = o { A0 v AR, ve ]
For % A6 x| E By  EBW) BB olefn
,2 - %‘ A: e led)<e] ) *ﬁ = &Z';'K&r@ ,Q3><Q,\ € B(ne a:"‘)
auwd 3 = % X, ®e; , §=1§;\'3¢@ei

awA o(n.p;w\ e ft(';u.‘e.‘w (arv\ ‘(','>’ “WET Y — < VIS,
(Faon, Eheg - (5 (A

b ket e Lo KT Avox, T Aiex) = (£, M (FA12Y 20

=2

=20

= 0% e preibue sen deful o RONT W
st karld0) = {4 e TME R - <o 0, o8
= % s prike defiult  on  R(W E%y((. )

Il
=>(7$(W\E%v(<"~>k\ /“k <.(>k> s a NiGer s



® M
I/\)a.u\‘ rq_\pco_‘gczu\ LQ.\’\\QU\ BLUBIE ‘B(rH.) —— R(k) . K = (E(M) z A&r (,))
X —> T (%)
(il any xeﬁ%(m) Lhm T BOWEH — R(W & W
vig, T(X) Z’ A: ® x; = % (XA) ® n;

low = 3) (b, &) =2, Hae T(0§, T4 =0 (vl defas)
\'4) T(X) ¢ Louwclmi wek. <,> Thaa —C&LQP\A o K
By afoden Y & - ? Aoz € TWB M.
2
|70 ¢ I, = T4, T

=L TEAYax , 3 Apaxy,
St >

N K

"
x
X

~

D VX ERM: TG ¢ boundid o B(WE N
i) Vee BB W 2= = | ¢|, -0 = “T(X)‘ML’° - Tk -°
Vo {¢, ARAR <6 A (X xal)A &
KR4 (xod) A &)
(As (It ded) A )
TREWIE

N

¥ ]

bo“« K. / ffccj\’uv— € “XUZ

\

-_— V%“ \S P“‘kw Cuee d( he c,ewr ZM& PDS(kV\



1 ex
‘<_'1_®x‘ i(&x>k
<7~‘ bﬂ\.\ (j/\-) x>“

£ < - U 1‘1“

Defim ViU — K by Uy

Voie bowstd Lo [(Vmll,

Fiu‘(ag V‘)Lé H/Aé E('H)

(x, \I#T(A)VQH = <Vm,'rr(A)va= <A-@x, A@x>K
- K= (4 A) =)
= <1‘M(A)x>

= (A = VUV



